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224 Prof. D. N. Mallik on the 
ends of the string. It is not suggested that the shape of the 
pole-pieces may be calculated, but it seems as if the result 
may be obtained empirically with sufficient approximation to
reduce to an imperceptible amount the undesired harmonics. 
The field should then be used at the same field excitation at 
which the measurements were taken because a change in the 
exciting current will probably change the distribution. The 
total magnetic flux may be reduced a little but the tapering 
will tend to increase the intensity near the centre above the 
value it had for a uniform field, and diminish it near the ends, 
that is, to redistribute rather than greatly reduce the total 
field, and consequently the s nsitivity would not be reduced 
as much as might be expected. 
When there is inductance in the circuit of the galvano- 
meter the differential equation (21) may be used, but its 
general solution involves the solution of a cubic equation. 
The solution is feasible in certain particular c ses and it may 
be serviceable for some kinds of work with the galvanometer. 
I f  an harmonic current is assumed the permanent periodic 
portion is readily found; and this applies to the study of 
sounds when there is an induction-coil in circuit. 
It is hoped that on a future occasion some records taken 
with the galvanometer may be given to compare the recorded 
and calculated curves, and to give numerical values of the 
constants. 
XXVI. Dynamical Theor~j of i)i~raction. 
By Prof. D. N. MALLIK, B.A., Sc.I)., F.R.S.E. ~ 
1. |F  T is the kinetic energy of a strained elastic medium 
1 of density ~, having displacements ~:, V, ~ at a point 
x, y: z, then 
2T = dxdyd . (1) 
Again, if W~-tho potential energy of deformation, theu~ 
on MacCullaugh's theory, as well as Lord Kelvin's, 
~W = ~j '2n(~+~/+~)  dxdy d~, (2) 
where eel, &c. are molecular rotations, and ~ the operator of 
the calculus of variation (n being the rigidity). 
On the other hand, the electromagnetic energy in a 
* Communicated by the Author. Paper read before the First Indian 
Science Congress, Calcutta. 
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Dynamical Theory of ]_)iflraction. 225 
medium of permeability/~ is 
~4_]~(~ +~'+,y~)d~dyd~,  . . . . (3) 
where a,/~, 31 are the components of magnetic force, while 
the electrostatic energy is 
( f+g,+h ,)d:~dyd~, . . . . (~)  
f, g, h being electric polarization and K the specific inductive 
capacity. 
2. On the mode of identification suggested by Larmor, we 
may, therefore, ~ako 
9 d 
(6,/~, ~/) proportional to @, V, ~) ~ d't (~' ~' if) 
and (f, g, h) ,, ,, (co~, %, eel), 
the constants being suitably adjusted so that 
T=~- ,  ~c., 
which implies 1 n 
~/~= ;~ . . . . . . . .  (5) 
( ~_)  of electromagnetlc disturbance isor the velocity ----- ~/ 
equal to ~/n ,  = that of the rotational wave in the elastic 
v ~T 
medium. 
This also satisfies the usual relations in elasticity and 
electromagnetism, since 
2o~ - by ~z 
and 
and further implies the condition 
~.f 
b -x+. . .+  . . . .  o, 
since 
~--~+~'+~ o. 
5x 5y ~z = 
Phil. Maq. S. 6. Vol. 28. No. 164, Aug. 1914. Q 
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226 Prof. D. IN. Mallik on the  
3. Further, the equation of small motion in an elastic 
medium (n, ~) is 
\ by 
where t: is the modulus of compression, and A, the cubical 
dilatation. 
n 2 If A=0, we have, putting toz - -2"n 'h  , $--~, and -=e,  
O" 
9 , ~[bh bg~ (7) 
. . . . . .  
which is the same equation as is derivable from the theorem 
or the line-integral of' E.M.F. is equal to the rate of decrease 
of lines of force embraced by a circuit (Maxwell, vol. ii., 
end of chapter viii., note), and necessarily involves the 
supposition that 
b--x +. . .+  . . . .  0. 
4. Now applying the condition ~S(T--W)dt=0 from (1) 
and (2), we get 
~ = c~v2~,  . . . . . .  (8) 
where c is the velocity of propagation. Thus, we derive at 
once  
f '=  c~v2f, and two similar equations, 
in a medium defined by 
= o .  
5. If, however, the medium c6ntains electrons, we musg 
take 
= p . . . . . .  (9 )  
where p is the volume density of electricity of polarization or 
charge of electrons ; and moreover~ if 
~B 5~ ~--~)~ = 47r(/~+pw), . . . .  (10) 
so that the total current is taken to consist of polarization 
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Dynamical Theory of Difraction. 227 
and convection (electronic) current, u, v, w being the 
velocity of electrons, we must take 
s  = 2~(~+mo) ; . . . . .  (n )  
while, under statical conditions, 
= 2~f+ ~K ~ . . . . .  fox t (12) 
From (9) and (12) we get 
Kv~r  = O, . . . . .  (13) 
when the electrons are at rest; while from (9) and (11) 
o;' b~ we have, since ~-  +. . .  + . . . .  0, 
bp § (p,,) + 
bt bx " " "+ . . . .  0, 
-,vhich is the equation of continuity oE a fluid of density p, 
and is also the condition postulated in the electron theory of 
Lorentz. 
Now (7) gives, if we introduce the vector-potentials 
F, G, H, given as usual by 
bg bO &c. 
~ = by bz' 
- r -~- -  ~ + ~ +-~- /  
~, (fOx), 
where fOx is the free molecular displacement. 
This may be interpreted by saying that the force tending 
to produce fi'ee rotational displacement of the mther is 
__]~ b+, &c. ; while (12)shows ~hat the force producing 
_ K b4~ &c (a conclusion the total effect is proportional to f+4~" ~'x " 
~)therwise arrived at by Larmor, loc. cir.). 
6. From (7) and (.10) we have 
9 . i-w; b b l 
~' = - '~ '~ L~ ~J  
r ~ b rb~ b~ bT\ b(p~) b(p,,)'l 
= ~ L v '~ -~L~;+b~+b~)  ~ bu ~ J 
- -  by  ' 
Q2 
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228 Prof. D. N. Mallik on the 
while, also from (7) and (10) we get, since 
~f ~_ 3g .  5~ 
~ ~ (pw). 
Thus, on the whole, the motion in the general ease depends 
on an equation of the form 
d2 ~ ~ t). (~t~--c v )#P = F(.~, Y, z, 
7. The object of the present paper is to deduce the various 
solutions that have been proposed of these equations, tarting 
from Poisson's solution of ~'=c~v2.~ (which is reproduced 
here for convenience of reference), in a synthetic manner. 
8. We know that if ~= c~V25, we may put 
sinh ( ctV ) . 
= cosh (ctv)x-t ctV- ~'  
X, ~ being arbitrary functions of x, y, z. 
Suppose, initially, 
where F, f are given functions of x, Y, z. 
Then the solution of the above equation may be put in the 
form 
sinh (ctv) F, 
$ = cosh (~tv)f+ ctv 
where the arbitrary functions are replaced by knowz~ 
functions. For, obviously, 
~:o=X=/  and }o=lF  
cv 
(putting t=0 in the solution). 
In order to interpret his symbolic solution, let a, fl, % 
be a point (P) on a sphere of radius r, centre O(x, y, z), and 
consider the integral 
where dS is an element oE surface of the sphere. 
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.Dynamical Theory of .Di~raetion. 
On transformation, this can obviously be written 
z ~ 
e ~z dS 
~o that 
~ 2 
3z ~ = V~. 
If  now z = r cos O, dS = 2~rr 2 sin 8 dO, 
~he integral becomes 
o_~2 ~ycos 0 V ,..,., ,j~ sin O dO 
= 47rr2sinh rV 
229 
rV 
Putting now r=ct, and remembering that dS = r2dt2, 
where dr2 is the solid angle subtended by dS at the centre, 
sinhctVcv _ ~(e  a~+. . .+ . . . )d~. .  
9 sinh ctv F ~y(e~- -+.  9 .+. 9 .) Fds 
eV 
Writ ing now or=let, &e., we have the symbolic solution 
replaced by 
d &e.)] tin. ~ =4t~r yF(x+ lct, &e.)dt2+lr ~t[t~x+lct, 
9. Hence, to find the effect at O(x, y, z) at time t, due to 
a disturbance f, F, we describe a sphere of radius ct, with 0 
as centre, note the ffects, at points over the sphere, and take 
the sum as in the above expression. 
In other words, if uo is the initial velocity, and ~o is the 
initial displacement in the direction of x of any point on a 
sphere of radius ct, having 0 for origin, then the displacement 
at 0 at any time t, in the direction of x, can be briefly 
written 
= ~ ,,o)dn + y~-~t (~o)da, 
which is Poisson's result. (Rayleigh's ' Sound,' vol. ii.) 
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230 Prof. D. N. Mallik on the 
10. Thus the expression for the disturbance at a point 0 
can be written, for an element subtending dr2 at 0, viz. f(t), 
t - -  t r l d 
= 47r-" Ut,daq- 47r d(t--t/) [(t--t')ft']dt2, 
where Ut, is the resultant velocity at time ~r at the sphere 
centre 0 and of radius c(t--t/); and the above construction 
shows that, if we put 
t - - t '  = r_, 
C 
then dS 
tit2 = ~ cos nr,  
u 
~,- ~t J \  ~/ 
b 
_ --c _~nf ( t_~ )
COS n? '  
[cos nr=angle between r and the normal, drawn outwards]. 
"'" r Ut 'dgt  = 4c7r ~n t - -  :rT ; 
.'. 47rf(t) =[~---r {1-rf(t--r-c) } cosn<r--! ~---nf(t-r)]dS, 
which is Kirchhoff's solution. 
11. In particular, if rx is the distance of the centre of a 
diverging spherical wave from dS, and 
A cos {27rt r(t) (atdS) = 
in view of the fact that the disturbance (s) from a point- 
source has to satisfy the differential equation 
dt ~ -- \ T1  "-d--~2 (rs), 
then it can be shown that at P (whose distance from dS is r) 
the disturbance is
A 1 "t 
~-~.~r  sin 27r [,~ e+~'t)(eosnr--cosnr,)dS. 
12. Remembering that the direction of displacement must 
be always perpendicular to the direction of propagation, the 
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Dynamical T]~eor~ of JZ)i~ractlon. 231 
above result will be correct, only on the supposition that the 
direction of vibration is perpendicular to both r and rl. 
I f  this is not the case, we must resolve the displacement 
(,which is necessarily perpendicular to rl) in the direction 
perpendicular to ~ (in the plane of r and the vibration). In 
doing so, we observe that if u r, d, w' be the components of
the velocity perpendicular to q', and u, v, w those perpen- 
dicular to ~1, then 
u ~ = u--ql, &c., 
where q is the component of u, v, w along'r. 
In the equation (4), then, u0 must be changed into uo-  qol, 
a corresponding change being effected in the second term. 
The modified equation will then be 
uo--qol dS + ~o ,~p0"~dS " (15)  4~r~= 
T 
whore 
P0 = l~0 + ~n~0 +.n~o, 
and l, m, n the direction cosines of r. 
Taldng now the particular case of a displacement along 
the axis of z, viz. f ( t  -x )  (the direction of propagation 
# x 
along the axis of x), we have, neglecting terms depending 
on r -~, and remembering that the resolved part of the 
displacement perpendicular to ~ is f(t') sin qb, where q) is the 
angle made by ~" with the axis oF z, from (14) and (15) 
s in  (I - cos ~) ]  = d2 '  
i 
sin qb , 
= cr . ;  
if 0 is the angle between l- and the direction of pro- 
pagation, both measured in the same direction. 
In particular, if 
f ( t )  = 47r c )~ . - cos  ~, \ ~/ 
= 2Xr cos --~- t-- sin ~ (1 + cos 0), 
which is Stokes's result. 
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232 Prof. I). N. 3lallik on the 
13. lgow, according to Rowland electric and magnetic 
displacements being perpendicular to each other, and the 
mean energies being equal, the total illumination must vary 
as 1+ cos 0. 
He further argues that Stokes's olution is based on dis- 
placement and rate of displacement of his elastic medium, 
but in an elastic medium there is not only displacement bur 
rotation also, and the components of this rotation must also 
satisfy the equation of continuity. But when a wave is 
broken up at an orifice, the rotation is left discontinuous by 
Stokes's solution. ~Tow, the equation of propagation of a 
rotation is the same as that of a displacement, and the two 
are at right-angles to each other : both are important. 
Hence, according to Rowland, on the elastic solid theory 
as well as on the electromagnetic theory, the true solution 
of diffraction will depend on the sum of two similar terms; 
and it will follow, therefore, that diffraction cannot supply 
the criterion whereby we may determine the relation between 
displacement and polarization. 
Glazebrook has, however, pointed out that the magnetic 
displacement is in consequence of the electric, and if we 
take account of the latter, we have done all that is necessary. 
Rowland's results, moreover, contradict he results experi- 
mentally verified and theoretically obtained by Lord Rayleigh 
on the blue of the sky. 
14. In any case, for the production of diffraction effect 
~r 
we must have sin r  nearly. On this understanding we 
can work out the case of oblique incidence at a narrow slit 
as follows : -  
Let x be the distance of a small element dx from the 
centre of the slit. The disturbance reaching any point will 
be [since the difference of phase due to disturbance from 
the central element and that at a distance x is equal to 
x (sin i-- sin 6)], 
l 
- -  .~ __ _ ~ (s in  t - -  s in  6 )  
- -  2Xr ~ dx " sin 27r ~ X 
1 cosi+ces ( i - -8)s in/ /  t $ 
-- ~-~ sTn ~-sin-Y t~. (s in i - - s in6) ) ' s in2~r(T - -~)  ' 
27r(~- -~)  is the incident disturbance, and / is ~vhere 
breadth of the slit. 
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.Dynamical Theory of .Diffraction. 233 
On either side of the zero position the disturbance will 
therefore he 
cos  i + cos  ( i  +_ O) 
s-~n ~+ si~l  0 sin ( / ( s in  i + sin 0)) ' 
which accounfs for the want of symmetry observed by 
Mr. C. V. Raman (Phil. 3lag. Jan. 1909) when a diffraction 
band is produced at oblique incidence. 
15. Finally, to solve 
(~t22--c~V2) ~b = F(x, y, z, t) 
we have only to find the particular integral. 
Proceeding in the usual way~ 
1 d 
~b--D2_c2A2F, where D-=-~, 
1F i .4  I l 
= ~ LD- -~ "b--~.J  F 
Y - -  ~f-D e-~tA e -~ + e~t" e ~ AF 'd t '  
1 = D y{Cosh c(t--t')A } F'dt' = ~ ycosh (t--t')Fdt 
l d , .. dt ] - 9-1 .4_rr y [~ y ( t_ t  ) .F{x+c(t_t,) ,  .}dl~ ] 
9 attending to the meaning of the operation cosh {c(t--tl)vF} 
[art. 8], 
where dv is an element of volume, which is Lorentz's 
result. 
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